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Abstract

The effect of transverse shear and rotary inertias on the dynamic stability of functionally graded cylindrical shells subjected to com-
bined static and periodic axial forces is investigated in this paper. Material properties of functionally graded cylindrical shells are consid-
ered temperature-dependent and are graded in the thickness direction according to a power-law distribution in terms of the volume frac-
tions of the constituents. Numerical results for silicon nitride-nickel cylindrical shells are presented based on two different methods: the
first-order shear deformation theory (FSDT) which considers the transverse shear strains and the rotary inertias, and the classical shell
theory (CST). The results obtained show that the effect of transverse shear and rotary inertias on the dynamic stability of functionally
graded cylindrical shells subjected to combined static and periodic axial forces is dependent on the shell’s material composition, envi-
ronmental temperature, amplitude of static load, deformation mode, and the shell’s geometry parameters.
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1. Introduction

Functionally graded materials (FGMs) are microscopically
inhomogeneous materials. By choosing specific manufactur-
ing processes, the properties of the produced FGMs may vary
from point to point or from layer to layer. Most importantly,
certain properties (usually the desired ones) of the specifically
produced FGMs are superior to those of corresponding homo-
geneous materials. Recent advances in manufacturing tech-
nology have made FGMs more preferential from both func-
tional and economic points of view. As a result, the usage of
FGMs has been significantly broadened. For example, there
are reports of early successful applications of FGMs used as
high-temperature materials in nuclear reactors and chemical
plants in Japan [1]. Now, FGMs are also being considered as
potential structural materials for future high-speed spacecrafts.
Formulation and theoretical analysis of the FGM plates and
shells were presented by Reddy [2, 3], Arciniega and Reddy
[4], and Praveen et al. [S]. Shell structures composed of this
composite material (FGM) also function as basic structural
elements used in many engineering structures.

Despite the evident importance in practical applications, in-
vestigations on the static and dynamic characteristics of FGM
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shell structures are still limited in number. Among those avail-
able, Loy et al. [6] investigated the free vibration of simply
supported FGM cylindrical shells. This investigation was later
extended by Pradhan et al. [7] to cylindrical shells under vari-
ous end supporting conditions. Gong et al. [8] presented an
elastic response analysis of simply supported FGM cylindrical
shells under low-velocity impact. Ng et al. [9] studied the
dynamic instability of simply supported FGM cylindrical
shells by using a normal-mode expansion and the Bolotin
method to determine the boundaries of the unstable regions. In
all the above studies, theoretical formulations were based on
the classical shell theory, i.e., neglecting the effect of trans-
verse shear strains. Using Love’s shell theory and the Galerkin
method, Sofiyev [10] presented an analytic solution for the
stability behavior of cylindrical shells made of composition-
ally (or functionally) graded ceramic—metal materials under
axial compressive loads. Also, a solution of the dynamic sta-
bility of functionally graded shells under periodic axial load-
ing using the Galerkin procedure was presented by Darabi et
al [11], while Matsunaga presented a free vibration and stabil-
ity analysis of functionally graded circular and shallow shells
according to a 2D higher order deformation theory [12, 13].
This paper studies the effect of transverse shear and rotary
inertias on the dynamic stability of functionally graded cylin-
drical shells subjected to combined static and periodic axial
forces through a comparison of results obtained by using the
following methods: the first-order shear deformation theory
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(FSDT) which considers transverse shear strains and rotary
inertias, and the classical shell theory (CST). Material proper-
ties of functionally graded cylindrical shells are considered
temperature-dependent and graded in the thickness direction
according to a power-law distribution in terms of the volume
fractions of the constituents. The results show that the effect of
transverse shear and rotary inertias on the dynamic stability of
functionally graded cylindrical shells subjected to combined
static and periodic axial forces is dependent on the shell’s
material composition, environmental temperature, amplitude
of static load, deformation mode, and the shell’s geometry
parameters. It is found that the effect of transverse shear and
rotary inertias on the dynamic stability of functionally graded
cylindrical shells subjected to combined static and periodic
axial forces cannot be neglected. The new features of the ef-
fect of transverse shear and rotary inertias on the dynamic
stability of functionally graded cylindrical shells and the re-
sults in this paper are helpful for the application and design of
nuclear reactors, spacecraft, and chemical plants, in which
functionally graded cylindrical shells act as basic elements.

2. Theoretical formulations

An FGM cylindrical shell with mean radius of R, thickness 4,
and length L is shown in Fig. 1. The displacement components
in the x, @, and z directions are denoted by u, v, and w, re-
spectively. The pulsating axial load is given by

N,=N,+N,cosPt, €))]

where P is the frequency of excitation in radians per unit time.
The temperature and position-dependent material properties of

FGM cylindrical shells are accurately modeled by using a sim-
ple rule of mixtures for the stiffness parameters coupled with the
temperature-dependent properties of the constituents. The vol-
ume fraction is described by a spatial function as follows:

V(2)=(z/h+1/2)®, (0<®<o0), )
where @ expresses the volume fraction exponent. The com-
bination of these functions gives rise to the effective properties
of functionally graded materials. An FGM cylindrical shell
that is metal-rich at the inner surface and ceramic-rich at the
outer surface is defined as Type A. The corresponding effec-
tive material properties are expressed as

Fy(T.2)=F(TV(2)+ F,(D)(1-V (z)), A3)
where F,; is the effective material property of the FGM cy-
lindrical shell, including the effective elastic modulus, effec-
tive mass density, and effective Poisson’s ratio. F, and F,,
are the temperature-dependent properties of the ceramic and
metal, respectively. On the other hand, an FGM cylindrical
shell that is ceramic-rich at the inner surface and metal-rich at
the outer surface is defined as Type B, whose effective mate-
rial properties are given by
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Fig. 1. Coordinate system of the FGM cylindrical shell.

Fy(T,2)=F,(TW(2) + F.(T)(1-V(2)). )

Based on the first-order shear deformation theory (FSDT),
the equations of motion for an FGM cylindrical shell under
axially dynamic load are as follows [10, 14]:

%Q%ﬁ o, 2 — '+ 1, ®)
% %%7%+Na%=11w” ()
P B0 =t + 1] ®

where ¢ and ¢, are the rotations of a normal to the reference
surface, /(i =1,2,3) is the mass inertia terms defined as

h

2
(1. 13) f p(2)(L,z,22)dz (10)
h
2

and p(z) is the effective mass density of functionally graded
materials.
The stress resultants of FGM cylindrical shells are given by

N, A, 4, 0 B, B, 0 )&
N, Ay
Ng 0 0 4 O 0 By || &
M, By, B, 0 Dy D, 0|K
M, By By 0 Dy Dy 0|k
Mg 0 0 By O 0 Dgs )| x5

2[5
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where 45, By, Dy and C; are, respectively, the extensional,

coupling, bending, and shear stiffness. These are given by

h
2
(48,:0,)= [0,z j=1.2.6
h
2
E, i
0,=0,= 1 - 2 Cu= J‘i O, dz
Ve 2
vV, E, 2
On =0 :ﬂiﬂz Cys :J‘i O dz
Al=v,7) 2
E E
I T Qe =5 (12)
(14, 240 +v,,)
Oss = Oy /4 A=1+z/R

where E, and v, are the effective elastic modulus and
effective Poisson’s ratio of FGM cylindrical shells, respec-
tively. x is the shear correction factor introduced by Reddy
[2] and is equal to 5/6. The strains are expressed as

8*6—14 £ f[@—kw]

Yo’ 27 Rloe ’

v, Liu g Low

" ox ROO’ T ROGC

g v 04

_¢1+8x ’ Kl_ax’

o Le o0 100 gy
R 06 ox RO06

Utilizing Egs. (5-9), (11) and (13), the equations of motion
can be expressed in terms of generalized displacement
(u,v,w,@,¢,) as follows:

Ly, w,.0) = L + gy (14)
2

L) + N, 0L = 10"+ 1, (15)
2

L(uvw¢l¢2)+Naw Iw (16)
ox?

Ly(,v,w,0,0,) = Lu" + I,g,” (17)

Ly(u,v,w,60,,8,) = LV + Lg, (18)

By neglecting terms 7, and I involved in Egs. (5-9) and
setting

ow _ 1ow

%:*aa ¢z—*E%= (19)

the equations of motion based on a classical shell theory
(CST) can be easily obtained.

Here, the two ends of the FGM cylindrical shells are consid-
ered simply supported, so a solution for the motion equations

(14-18) can be described by

=4,,e"” coslm xcosné

Vyu = B, sin A, xsinn@
=C,,e”sinl, xcosnf
¢1 :H “ cos A, xcosnd
Do = I?mne sin4,, xsinnd (20)
where 4, =——, n represents the number of circumferential

waves, and m represents the number of axial half-waves.
Substituting Eq. (20) into Eqgs. (14-18) and letting N, =0
in Eq. (1) yields

T Ty T Ny Tis L 0 0 1, 0]|4, 0
Ty Ty +4nN, Ty Ty Tys 0 1, 0 0 LB, 0
T, T Ty+ ANy Ty T -0 0 L 0 0 9r1n =10
Ty Ty, Ty Ty Tis 8 0 0 18 0 Izmn 0
T s, T Ty Tss 0 L 0 0 LK, 0
@n
where 7, is given in Appendix A.

To solve the equations of motion containing the dynamic
load N, , a solution is sought in the form shown below:

u= iiiq””/(”l}”"'/(x’ 0)= iiiqw (t)Z,W cos A, xcosn@ (22)

j=1 m=1 n=1 j=1 m=1 n=1

v= ZZZqWU (O (x,6) = ZZZ%W (t)Bm/ sin4,, xsinné (23)

j=1 m=1 n=l1 j=1 m=1 n=1

w:ZZqu/(t)mm(x 0)= ZZZqW([)EMsinlm xcosné (24)

j=1 m=1 n=1 j=1 m=1 n=1

4= iiiq”m/(t)gmm(x,ﬁ) = iiiqw(t)ﬁ iy €08 A, x €08 1O (25)
1

J=1 m=1 n— j=1 m=1 n=1

¢ = ii i Qo ()8 (%,60) = Ei Zx:qm,,/ (0K, sin 4, xsinnd (26)

where g,,,(¢) is a generalized co-ordinate and U, , V,,, »
Woni > @i » and 6, are the modal functions of FGM cy-
lindrical shells with simply supported ends under the axially

static load N, . Substituting Eqgs. (22-26) into Egs. (14-18),

yields
LU sV W Or O) = ~ 1103, U g = 10y H - (27)
Ly UiV W Ocos O ) = NoAV i = =110 Vrs = L0810 (28)
Ly (U s Vs Wonni s @ > Opn ) — N menj Ilwmn,an, (29)
Ly(U Voo Woani s Oronn s Oon) = =L@ U = 136y (30)
LU sV W Ocsn Oon) = ~ 1@V — 18y (31)

Eqgs. (14-18) may be rewritten as

5 00 00

ZZZ@Z’” + wfqumw)([ Ay +1 Hmj)cos A, xcosnd =0 (32)

J=1 m=1 n=1
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ZZZ qmm + a)m,qunj ([ B, +12Kmn])sin/1m xsinné

j=1 m=1 n=I1

+N, cos Pt E E E o B @y SN A, xsinn@ =0 (33)
Jj=1 m=1 n=1

5 00 00

" 2 :

E E E (qmnj+a)mnqu,y.)llcmj sin 4, xcosn@

Jj=1 m=1 n=1

+NdcosPtE E E o Conj Qo SIN A, X000 =0 (34)
Jj=1 m=1 n=1

S S Nl 0t (1 + a1 Jeos 2, xcosno =0 35

=1 m=1 n=I

ZZZ qm mnqu 1 2By + 1 Kmnj>sin/1m xsinnf =0 (36)

j=1 m=1 n=1

Making use of the orthogonality condition, Egs. (32-36) are
simplified to

m 0 0 0]q
m 0 qg
0 0 O 0 M *
"
0 00 sn? | (952
kK 0 0 0 0 0 0 0 4
0 kK 0 0 0 0 0 0 9,
0 0 0 o NPy o o om0
0 0 kSN2 0 QSN2 952
(37
where

my = ”71[(1,5, + LK) 4+ (17, + LY +(4C,) + (A, + LI,) + (LB, + LK, )}
b =aim, 0= 7%45[5, (1,8, + LK)+ 1/
(39)

(m,n)=(L1):
(m,n)=(1,2):

I=1G =1, 2(j=2),
I=6(j=1, 7(=2),

(=3,
8(j=3),

4=,
9 =4,

5(j=5);
10(/ =5);

(m,n)=(,N):
(m,n)=(2,1):

I=5(N-4) (=D, S(N=-3)(j=2), 5N(=5)
I=5N+1(=1),5N+2(j=2), SN+5(=5);
(m,n)=(N,N): I=5N>

—4(j=1), 5N* SN? (j=5);

(39)

-3(=2),

In the above formula, the coefficients of mode shapes Z, , B,
C,, H,and K, can be obtained from Eq. (21).

Based CST and the orthogonality condition, Eq. (37) can be
simplified to

m 0 0 0 q
0 m 0 0 qy
60 0 O 0 M +
4
0 0 mp D32
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k 0 0 0 o 0 0 o)fa 0
0 k O 00 0 0 q; 0
00 0 o NPy o o oMM
00 0 Kk 0 0 0 0.4 Lo

(40)
where
7l —\2 —\2 —\2
m =218 ) +(1A) + (1)) k=i,
(41
_ L _
0, :—%,12[3 (1B,)+1,C2]. 1=1.23...3N?

The coefficients 4, , B, , C, in Eq. (40) can be obtained
from Eq. (24).

Egs. (37) and (40) are in the form of second order differen-
tial equations with periodic coefficients of the Mathieu-Hill
type. Using the method presented by Bolotin [15], the regions
of unstable solutions are separated by periodic solutions. As a
first approximation, the periodic solutions with period 27" can
be sought in the form

q; 7a1s1n1; +b; cos% (42)

where g, and b, are arbitrary constants.

By substituting Eq. (42) into Egs. (37) and (40) and equating
the coefficients of the sin P¢/2 and cosPt/2 terms, a set of
linear homogeneous algebraic equations in terms of a; and
b, can be obtained. The conditions for non-trivial solutions for
the linear homogeneous algebraic equations are

1 1. =
— Bimy 4k =N, 0, =0 “3)

1= R
fzpfm, +k +5NdQ, =0 (44)

Each unstable region is bounded by two lines which origi-
nate from a common point from the P-axis. The branches
emanate at N, =0 from 2w, . The left and right branch cor-

respond with
5_ |4 —2N,0 W, >0)
m;

5 |4k +2N,0;
my
|4k, -28,0, 72NdQ1 B_ 4k, +2N,0, N, <0).
m;

3. Numerical results and discussions

“o I

The ceramic material used in this study is silicon nitride and
the metal material used is nickel [9]. The density of silicon
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Table 1. Comparison of the point of origin P, for a simply supported
silicon nitride-nickel FGM cylindrical shell under axial extensional
loading.

P, (Type A) P, (Type B)
Present Ngetal.[9] Present Ngetal.[9]
0 10.955 10.956 10.778 10.774
0.5 10.896 10.894 10.849 10.849
1.0 10.867 10.865 10.883 10.883
5.0 10.809 10.805 10.936 10.937
10 10.795 10.791 10.945 10.946
¢ 10.778 10.773 10.955 10.946

nitride is p, =2370 kg/m’and that of nickel is £, =8900
kg/m’, while the Poisson’s ratio is v, =0.24 for silicon nitride
and v, =0.31 for nickel. These are independent of tempera-
ture. The elastic moduli are temperature-dependent and are
obtained from Ng et al. [9] as

E. =348.43x10° (1—3.070><10’4T+2.160><10’7T2 —8.946><10’“T3)

E, =223.95x10° (1 —2.794x107*T —3.998 x IO’QTZ)

where E. and E, are the elastic moduli (in Pa) of silicon
nitride and nickel, respectively, and 7 is the temperature (in
Kelvin). The elastic moduli E, and E,, are substituted into
F.and F, in Eq. (3) respectively in order to compute the
effective elastic moduli of the FGM shell.

3.1 Comparison studies

Example. Based on CST, the point of origin, A=
2x@ xa [the nondimensionalized coefficient o=
2R %1,/ 4, , I=1, see Eq. (39)] is presented in Table 1
for a silicon nitride-nickel FGM cylindrical shell with simply
supported ends under axial extensional loading. The computa-
tion parameters are taken as N, =0.5N,,,
L/R=1, R/h=100.

The results in Table 1 present the transverse modes corre-
sponding to the point of origin £, and are in a good agree-
ment with Ng et al. [9] .

m=n=1,

3.2 Parametric resonance results

The dynamic instability regions for the first order parametric
resonances of a silicon nitride-nickel FGM (Type A) cylindri-
cal shell with simply supported ends under combined static
and periodic axial loads are presented in Fig. 2 using CST and
FSDT. The effect of FSDT on the dynamic instability regions
is related to the points of origin B =2xa;xa(l=6) ,
P =2xmsxa(l=16),and P, =2xa xa (I =1) (see Eq.
(39), FSDT). For the points £, and P, the dynamic instabil-
ity regions obtained from FSDT are less than those obtained
from the CST, not considering shear deformation and rotary
inertias. For the point A , the dynamic instability regions are

0.5
2 0.4

= —a— CST(m.n)=(1.2)
703 —s— CST(m.n)=(2.2)
’5 —a— CST(m.n)=(1.1)
£ 02 —o— FSDT(m.n)=(1,2)
8 7 —— FSDT(m.n)=(2.2)
o % FSDT(mn)=(1.1)
€ 0.1

P
00— AL : :
8.0 8.5 9.0 9.5
P

Fig. 2. Comparison of classical shell theory and first-order shear de-
formation theory unstable regions for a simply supported silicon ni-
tride-nickel FGM Type A cylindrical shell under combined static axial
compressive loading and periodic axial loading (m=1,2, n=1,2,
Ny =0.5N,, , L/R=1.0, T=300K, ®=1.0, #/R=0.01).

cr

0.5
7: 0.4+
034
0
D
E 0.2 “a— /R=0.01
_§~ { —a— I/R=0.02
g 01l —a— /R=0.03
S —o— WR=0.04

—+—IW/R=0.05
0.0 ‘ : :
8.5 9.0 9.5 10.0
P

Fig. 3. Effect of thickness to radius ratio 4/R on the first unstable re-
gion (corresponding to the points of origin 1 P, ) for a simply sup-
ported silicon nitride-nickel FGM Type A cylindrical shell under com-
bined static axial extensional loading and periodic axial load (m=1,2,
n=1,2, Nqy=0.5N,.,L/R=1.0, T=300K, ®=1.0).

cro

very close for CST and FSDT, where @, , @, and @, de-
note the three lowest natural frequency using FSDT.

Fig. 3 shows the effect of thickness to radius ratio (#/R ) on
the first unstable region (corresponding to the point of origin
B, ) for a silicon nitride-nickel FGM cylindrical shell under
combined static axial extensional loading and periodic axial
load based on FSDT. It is observed that the points of origin of
the unstable region are lower for the thinner shells. The angle
@ gives a good measure of the size of the unstable region in
Fig. 3. Here, the unstable regions increase with increasing
thicknesses.

The effect of static axial compressive loading N,/N,. on
unstable angles ¢ can be seen from the results presented in
Fig. 4 using CST and FSDT. The points of origin are, respec-
tively, P =2xa@,xa(I=6) , P =2xasxo ([=16),
P=2x@gxoa(l=1),and P, =2xa, xa(l=11) (see Eq.
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Fig. 4. Unstable region ¢ versus axial compressive loading Ny/N,,
for a simply supported silicon nitride-nickel FGM Type A cylindrical
shell under combined static axial compressive loading and periodic
axial loading (m=1,2, n=1,2, L/R=1.0, T=300K, ®=1.0, #/R=0.01).

(39), FSDT). The first four unstable angles ¢ (corresponding
to the points of origin A, P,, B, P,) for a silicon nitride-
nickel FGM cylindrical shell under combined static axial
compressive loading and periodic axial loading are described
in Fig. 4(a) and Fig. 4(b), respectively. The unstable region
increases as the static axial load increases, and the effect of
shear deformation and rotary inertias on the unstable region is
dependent on the points of origin. It is shown from the results
presented in Figs. 4(a) and (b) that the unstable angles for the
points B, P,and P, obtained using FSDT are less than those
obtained using CST, and when the static axial compressive
loading N,/N,, is larger than 0.4, the third unstable angle
(corresponding to the point of origin £ and m=1, n=1) is
almost the same using CST and FSDT.

Figs. 5(a-c) show the effect of the volume fraction exponent
on the unstable angle ¢ of a silicon nitride-nickel FGM cy-
lindrical shell under combined static axial compressive load-
ing and periodic axial loading based on CST and FSDT. The
first three unstable regions (corresponding to the points of
origin B, , P, and P, ) are described in Figs. 5(a-c), respec-
tively. It is observed that the unstable angle ¢ nonlinearly

0.39
0.38 et
037 Pl "',//
& 0.36 _
=
S 0.351
E 0.344 —a— CST
L —s— FSDT
= .33
0.32
0.31 : T ¥ 1 . T v 1 : T
0 2 1 i B 10
Volume fraction exponent <P
(a)
0.143 P
0.1404
< 0135
2
EJ
2 0130
= - CST
2 0.1254 —=— FSD1
0.1204
0.115 T T T T T
0 2 4 6 5 10
Volume fraction exponent @
(b)
0.0095
’.‘,,I—I
-
0.0090 i
2
S 0.0083
:_;J
é: 0.0080 —=—CST
7 —e—FSDT
= 0.0075
0.0070 T T T T T
2 1 6 8 10

Volume fraction exponent &
(©

Fig. 5. Effect of the volume fraction exponent @ on the unstable angles
@ for a simply supported silicon nitride-nickel FGM Type A cylindri-
cal shell under combined static axial compressive loading and periodic
axial loading (m=1 , n=1, Ny =0.5N,., L/R=1.0, T=300K, ®=1.0,
h/R=0.01).

increases as the volume fraction exponent @, increases, the
effect of shear deformation and rotary inertias on the unstable
angles (corresponding to m=1, n=1) is not only dependent on
the points of origin but also on the volume fraction exponent
@, and the unstable angles for the point P, obtained by using
CST and FSDT are the same.
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4. Conclusions

This paper reports the result of an investigation into the ef-
fect of the first-order shear deformation theory considering
rotary inertia and the transverse shear strains on the dynamic
instability of functionally graded cylindrical shells with sim-
ply-supported ends, under combined static and periodic axial
forces. The result obtained using the first-order shear deforma-
tion theory (FSDT) is compared with that obtained using clas-
sical shell theory (CST). The differences between the results
from FSDT and the results from CST increase as the deforma-
tion mode and thickness increase. It was found that reasonable
control can be achieved on the dynamic instability regions by
correctly varying the ratio of length to radius, the ratio of
thickness to radius, the amplitude of static axial load, thermal
environment, and the volume fraction exponent.

Nomenclature

A,B,D,C : Extensional, coupling, bending and shear stiffness,
respectively

E : Elastic modulus

F : Material property

H : Thickness of cylindrical shell

I : Mass inertia

L : Length of cylindrical shell

m : Number of axial half-waves

N : Number of circumferential waves

N

o : Nondimensional axial load
N,, N, : Axial load
N,  :Critical buckling load
r, 0,z  :Radial, circumferential and transverse direction
R : Mean radius of cylindrical shell
u, v, w :Radial, circumferential, and transverse displacements
Q : Nondimensional fundamental frequencies

: Shear correction factor

: Volume fraction exponent

: Nondimensional natural frequency

: Membrane and bending strains

: Rotations of a normal to the reference surface
: Mass density

: Poisson's ratio

: Fundamental frequency

8 SV I M g
> A

Subscripts:

m,c : Metal & ceramic
eff : Effective
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